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Abstract
We consider the generalization of the heterotic action considered by Cherkis and Schwarz
where the chiral bosons are introduced in a manifestly covariant way using an auxil-
iary field. In particular, we construct the kappa-symmetric heterotic action in ten-
dimensional supergravity background coupled to super Yang-Mills theory and prove its
kappa-symmetry. The usual Bianchi identity of Type I supergravity with super Yang-
Mills dH3 = −TrF ∧ F is crucially used. For technical reason, the Yang-Mills field is
restricted to be abelian.
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1 Introduction
In [1], supersymmetric heterotic action with kappa-symmetry in flat space is constructed
motivated by the bosonic truncation of the heterotic action obtained by the M5 brane
action wrapping K3 [2]. In the construction of [1, 2], the realization of the degrees of
freedom associated with the current algebra is novel, which is generalization of PST
approach of the realization of chiral two-form in M5-brane [3]. Thus it would be inter-
esting to work out various aspects of this new heterotic action with kappa-symmetry. As
one such attempt we generalize [1] to the kappa-symmetric heterotic action in arbitrary
background of Type I coupled to super Yang-Mills. Due to the technical subtleties,
we consider only abelian gauge fields. The form of the heterotic action can be guessed
from the M5 brane action wrapping on K3. Once written, it is straightforward to work
out the kappa-symmetry of such action. One point is worthy of mention. Along the
proof of the kappa-symmetry the usual relation of the Type I supergravity coupled to
super Yang-Mills
dH3 = −TrF ∧ F (1.1)
is crucially used. Similar feature appears in the kappa-symmetric action of the mem-
brane with the Horava-Witten boundary worked out by Cederwall [4].
In the current formalism of the heterotic string theory, it is easy to couple the abelian
gauge field to the worldsheet of the heterotic string but the non-abelian generalization
is not straightforward. Related fact is that if we wrap M5 brane on K3, we assume
that involved K3 is smooth so that we can carry out the usual Kaluza-Klein compact-
ification so that we obtain the heterotic string in 2-dimensions. Thus the non-abelian
generalization is related to figuring out the additional degrees of freedom we should
keep when we try to wrap M5 brane on singular K3. This is also related to working out
the full chiral current algebra of the heterotic string when we assume the gauge group
E8 × E8 or SO(32) in the current formalism. Thus if we assume that the heterotic
string realizes E8 × E8 or SO(32) current algebra, abelian gauge field configuration
we are considering is a subclass of the general field configuration. In the proof of the
kappa symmetry, the background equation of motion we obtain has straightforward
generalization to non-abelian gauge field background so we can guess the general form
of the background equation of motion once we figure out the correct coupling of the
general gauge field configurations to the world sheet of the heterotic string. This is an
interesting topic per se, but it’s beyond the scope of the current letter.
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In the below we assign coordinate indices as follows:
 10-d and 11-d target (tangent) : ZA = (Xa, θα).
 10-d and 11-d target (curved) : ZM = (Xm, θµ).
 2-d and 6-d worldvolume : σi, σj , · · · .
 K3 : Xr = σr, Xs = σs, · · · (static gauge).
2 Heterotic string in SUGRA-SYM background from M5-brane
In [1], a 10-d supersymmetric heterotic action in flat background has been constructed
from the M5-brane action doubly reduced on K3 surface. Here we extend the 10-d action
to have the SUGRA-SYM background. As in the flat case, the action with generic
background can be guessed from the M5-brane action with 11-d SUGRA background.
Then, we can justify the action by working out the gauge symmetry and the kappa
symmetry as given in section 3.
The M5-brane action in 11-d supergravity background is given as [5, 6]
L1 = −
√
− det
(
Gij + i
H˜ij√−Gu2
)
,
L2 = −
1
4u2
H˜ijHijkGklul,
SWZ =
∫ (
c6 +
1
2
H3 ∧ c3
)
. (2.1)
Here the worldvolume fields are ZM , A2 and auxiliary scalar a (ui = ∂ia) which makes
the action covariant. In the action, H3 is the supersymmetrized field strength of A2:
H3 = dA2 − c3, H˜µν = 1
6
ǫijklmnHklmun, (2.2)
and ΠAi , c3, c6 are the pullbacks of the supervielbein and the superforms of the back-
ground:
ΠAi = ∂iZ
MEM
A,
cijk = ∂iZ
M∂jZ
N∂kZ
PCPNM ,
Gij = Π
A
i Π
B
j ηAB. (2.3)
From the above action, we can infer the 10-d heterotic action in SUGRA-SYM
background. This has been done for a simpler case in [1, 2] by wrapping the M5-brane
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on K3 surface to get a 7-d action and then by lifting it to 10-d. Here we adopt the
same scheme but do not perform the reduction in a precise way. Instead, we guess the
reduction and the 10-d action from the past experience of the calculations in [1].
First, the worldvolume fields in eq. (2.1) can be reduced to the worldsheet fields as
(dA2)ijk → ∂iY IbIrs,
cijk → −AIi bIrs,
ci1···i6 → −Bijωrstu, (2.4)
where bI and ω are the harmonic 2-forms and the volume form on K3, respectively. For
instance, the reduction of c3 can be inferred as
cirs = ∂iZ
M∂rZ
N∂sZ
PCPNM → −∂iZMAIMbIrs = −AIi bIrs. (2.5)
Note that among 22 harmonic 2-forms on K3, 19 are anti-self-dual and 3 are self-
dual, which yields the correct degrees of freedom of chiral bosons Y I (upon gauge fixing)
for the heterotic string action compactified on T 3.
In eq. (2.4), as the action is lifted up to 10-d, Ai and Bij are understood as the
pullbacks of 10-d superforms:
AIi = ∂iZ
MAIM ,
Bij = ∂iZ
M∂jZ
NBNM . (2.6)
Then, H3 = dA2 − c3 reduces to
Hijk → (∂iY I + AIi )bIrs = DiY IbIrs,
H˜ij → Y˜ IbIrs, (2.7)
where Y˜ I = ǫijDiY
Iuj and Di is a gauge covariant derivative given that
δAIi = ∂iΛ
I , δY I = −ΛI . (2.8)
Note that in this way we obtain the coupling of the abelian gauge field to the heterotic
string.
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In eq. (2.4), the harmonic 2-forms bI contribute to the reduced action in terms of
LIJ =
∫
K3
bI ∧ bJ , MIJ =
∫
K3
bI ∧ ∗bJ . (2.9)
Here, L is the intersection matrix of the 2-cycles on K3:
L = −Γ8 ⊕−Γ8 ⊕ σ ⊕ σ ⊕ σ, (2.10)
where Γ8 is the same as the Cartan matrix of E8 and σ =
(
0 1
1 0
)
. Then, as lifted to 10-d,
L can be interpreted as the Cartan matrix of E8 × E8 or SO(32), which is one of the
two gauge groups of 10-d heterotic theory. (Note, in 10-d, L = −M .) Note that at the
tree level, the possible gauge groups are not determined. Only if we consider one-loop
consistency condition, the possible gauge groups can be fixed.
In this sense, Y I in eq. (2.4) are understood as the scalars which represent the
16 bosonic degree of freedom compactified on T 16 in 10-d heterotic theory, yielding
the Narain lattice which is the same as the root lattice of E8 ×E8 due to the one-loop
modular invariance. In addition, the gauge field AI , which couples to LIJ , is an element
of the Cartan subalgebra of E8 × E8, so as to be abelian (F = dA), being consistent
with the form of the action given below. We can also take L = −Γ16, root lattice of
SO(32) gauge group for SO(32) heterotic string theory [2].
Finally, taking above field reductions into account, we propose the heterotic action
whose background is 10-d SUGRA-SYM:
L1 = −
√
−G
√
1− Y˜
ILIJ Y˜ J
Gu2
+
(
Y˜ ILIJ Y˜ J
2Gu2
)2
,
L2 = − Y˜
ILIJDiY
Jui
2u2
,
LWZ = −
1
4
ǫijY ILIJF
J
ij −
1
2
ǫijBij . (2.11)
This action is invariant under gauge transformations
δAIi = ∂iΛ
I , δY I = −ΛI , δBij = 1
2
ΛILIJF
J
ij . (2.12)
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3 Kappa symmetry of 10-d heterotic action
Now let us show the kappa invariance of the action. First, we propose the following
kappa variations of the worldsheet fields in the heterotic action.
δκZ
M = ∆αEα
M (δκZ
MEM
α = ∆α, δκZ
MEM
a = 0),
δκY
I = KI ,
δκA
I
i = −∂iKI + F Ii ,
δκBij = −∆αΠAi ΠBj (dB)αAB + total derivative, (3.1)
where ∆α = κ¯β(1− Γ)αβ and
KI = −δκZMAIM = −∆αEαMAIM ,
F Ii = δκZ
M∂iZ
NF IMN = ∆
αΠAi FαA. (3.2)
Then, the variations of related fields in the action are evaluated as
δκΠ
a
i = ∆
αΠBi (TαB
a − ΩαBa),
δκGij = ∆
αTαA
aΠA(iΠ
b
j)ηab,
δκ(DiY
I) = F Ii ,
δκY˜
I = ǫijF Ii uj, (3.3)
where T and Ω are the torsion and the connection one-form of the background super-
space, respectively.
Note here that the kappa variation of Y I in eq. (3.1) can be inferred from the
variation of A2 in M5-brane side:
δκA2 = −δκZMdZNdZPCPNM
→ δκY IbIrs = −δκZMAIMbIrs, (3.4)
yielding
δκY
I = −δκZMAIM = −∆αEαMAIM ≡ KI . (3.5)
For the details of the kappa variations of the fields, see appendix A.
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3.1 Kappa Invariance: scheme
The method we use in the proof of the kappa symmetry is similar to the one used in [1]
for the flat case without Ai. We organize terms in δκL in the order of Y˜ I = ǫijDiY Iuj
and check the invariance order by order. This means that all terms in the variation
should be recast in terms of the powers of Y˜ . For the case of δκL1, this is evident since
all terms in L1 are already written in terms of Y˜ .
Then we can expect the terms in δκ(L2 + LWZ) to be recast in terms of Y˜ as well,
considering the Nambu-Goto type action we are dealing with here. Indeed, as advertised
in the introduction, this can be realized in the aid of the H3 in eq. (1.1) and (3.10). For
the details, see section 3.3.
In the proof, U and T are defined as
4∆U = δκ(L1)2, 2∆T = δκL2 + δκLWZ , (3.6)
where ∆ = κ¯(1 − Γ) and we have suppressed the spinor indices. Then, we can take a
quantity ρ satisfying
U = ρT, ρ2 = (L1)2, (3.7)
which ensures the kappa invariance taking Γ = ρ/L1:
δκL = 2∆
(
U
L1
+ T
)
= 2κ¯(1− Γ)(1 + Γ)T = 0. (3.8)
The details of the proof will be given in section 3.3.
In the proof of kappa symmetry, we need to consider the on-shell constraints on the
SUGRA-SYM backgrounds. Using the constraints, we will see that the proof goes in
the same way as the flat case with the addition of gauge field Ai. Therefore, let us first
look through the SUGRA-SYM constraints.
3.2 SUGRA-SYM constraints
The on-shell constraints on the 10-d heterotic background read [7, 8, 9]
Tαβ
a = 2(Γa)αβ , Tαb
a = 0,
Hαβa = 2(Γa)αβ , Hαba = Hαβγ = 0,
Faα = 2(Γa)αβχ
β, Fαβ = 0. (3.9)
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Here, H3 is written as
H3 = dB2 − 1
2
AI ∧ F JLIJ = dB2 − Tr(A ∧ F ) (3.10)
Note that H3 is a gauge invariant field strength, which can be seen from eq. (2.12). In
addition, reminding that A is an element of the Cartan subalgebra of E8×E8 and that
LIJ is the Cartan matrix of the algebra, we see that eq. (3.10) is satisfied since
Tr(A ∧ F ) = AI ∧ F J Tr(hIhJ) = 1
2
AI ∧ F JLIJ . (3.11)
for a suitable choice of the basis hI of the Cartan subalgebra.
Using the constraints in eq. (3.9), the kappa variations of related fields reduce as
δκGij = ∆
αTαA
aΠA(iΠj)a = 2∆γ(iΠj),
δκ(DiY
I) = F Ii = ∆
αΠAi F
I
αA = −2∆γiχI , (3.12)
and, up to a total derivative,
δκBij = −∆αΠAi ΠBj (dB)αAB
= −∆αΠAi ΠBj
(
HαAB + Tr(A ∧ F )αAB
)
= 2∆γ[iΠj] −
1
2
∆αΠAi Π
B
j LIJ(A
I ∧ F J)αAB. (3.13)
with γi = Π
a
iΓa in the final expression of each formula. (We have not suppressed the
spinor indices for the 3-superforms to be explicit.) Here the beauty lies in the fact that
the second term of δκBij exactly cancels some terms that appears in δκ(L2 + LWZ),
which is needed to make every term of T written in terms of the powers of Y˜ . (See the
detailed derivations given below.)
Note in eq. (3.12) that δκGij has the same form as the flat case [1] where Πj reduces
to ∂jθ. Likewise, the first term of δκBij has the same form as the flat case. Consequently,
as mentioned above, this implies that the proof works in the same way as the flat case.
However, in [1] the induced gauge field Ai was not considered. Therefore, while we
describe the whole proof in the followings, we concentrate on the part where the gauge
field has an effect on.
3.3 Details of the proof
Now let us complete the proof by showing U = ρT with ρ2 = (L1)2.
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First, ρ can be determined as
ρ = γ¯ − Y˜ LY˜
2Gu2
γ¯. (3.14)
Then, we will show U = ρT order by order in Y˜ :
U0 = ρ0T0,
U1 = ρ0T1,
U2 = ρ0T2 + ρ2T0,
U3 = ρ2T1,
U4 = ρ2T2, (3.15)
where the subscripts denote the order of Y˜ in the terms and we have used ρ1 = 0.
Here U and T are determined from eq. (3.6) using the kappa variations of the
worldsheet fields in eq. (3.12) and (3.13) where SUGRA-SYM constraints have been
considered. First, from δκ(L1)2 we get U as
U0 = −GγiΠi,
U1 =
Y˜ L
u2
ǫijuiγjχ,
U2 =
Y˜ LY˜
(u2)2
uiujγiΠj ,
U3 = − Y˜ LY˜
2G(u2)2
Y˜ Lǫijuiγjχ,
U4 = −(Y˜ LY˜ )
2
4G(u2)3
(2γiuj − γjui)uiΠj . (3.16)
Next, T is determined by δκL2 and δκLWZ :
δκL2 = − 1
2u2
Y˜ LFiu
i − ǫ
ij
2u2
FiujLDkY u
k +
Y˜ LY˜
G(u2)2
ǫikuku
j∆γ(iΠj),
δκLWZ = ǫ
ij
2
(
KL∂iAj + FiL∂jY
)− 2ǫij∆γiΠj − ǫij
4
∆αΠAi Π
B
j (A ∧ F )αAB, (3.17)
where we have used the identity
ǫijǫkl = −δikδjl + δilδjk. (3.18)
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Here, adding the first two terms of δκL2 to the first two terms of δκLWZ and using
eq. (3.18) yield
− 1
u2
Y˜ LFiu
i +
ǫij
2
(
KL∂iAj − FiLAj
)
. (3.19)
Note that the last two terms in eq. (3.19) are not written in terms of Y˜ and we can
expect it to be canceled out with some other term in the variation. In fact, those two
terms are recast as
−ǫ
ij
4
∆αΠAi Π
B
j LIJ(A
I ∧ F J)αAB, (3.20)
which exactly cancels out the last term of δκLWZ , making all terms in δκ(L2 + LWZ)
written in terms of Y˜ . With eq. (3.6), we are led to
T0 = −ǫijγiΠj,
T1 =
Y˜ L
u2
uiγiχ,
T2 =
Y˜ LY˜
2G(u2)2
ǫikuku
jγ(iΠj). (3.21)
Now, we are left with the verification of U = ρT . However, we have seen in sec-
tion 3.2 that the kappa variations of the worldsheet fields have the same forms, the
SUGRA-SYM constraints being considered, as the ones in the flat background. Then,
since in [1] the kappa symmetry for the flat case without gauge field A has been proved,
it is sufficient here to consider only the terms related with the variation of Ai in showing
U = ρT .
Considering the kappa variations of the fields in eq. (3.12) and (3.13), we notice
that only δκDiY is related to δκAi and that the terms including δκ(DiY ) in U = ρT
are the 1st and the 3rd order terms. As a result, we only need to show U = ρT in the
odd orders 1.
However, note that U3 can be recast as, for [ρ0, ρ2] = 0,
U3 = ρ2ρ
−1
0 U1, (3.22)
and that if U1 = ρ0T1 is satisfied, U3 = ρ2T1 is automatic. Therefore, we only need to
1For the proof of U = ρT in even orders, refer to the appendix of [1].
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show U1 = ρ0T1 to complete the proof. Then, using ρ0 = γ¯,
ρ0T1 =
Y˜ L
u2
γ¯γiuiχ =
Y˜ L
u2
ǫijuiγjχ = U1, (3.23)
where we have used the identity γ¯γi = ǫijγj .
Thus, we have completed the proof of the kappa invariance.
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Appendix
A Kappa Variations
The kappa variations of the pullback AIi is evaluated as
δκA
I
i = δκ(∂iZ
MAIM)
= ∂iδκZ
MAIM + ∂iZ
MδκA
I
M
= ∂i(δκZ
MAIM)− δκZM∂iAIM + ∂iZMδκAIM
= ∂i(δκZ
MAIM)− δκZM∂iZN∂NAIM + ∂iZMδκZN∂NAIM
= −∂iKI + F Ii , (A.1)
where, for F I = dAI ,
F Ii = δκZ
M∂iZ
NF IMN = ∆
αΠAi FαA. (A.2)
Note, from δκY
I and δκA
I
i above,
δκ(DiY
I) = ∂iδκY
I + δκA
I
i = F
I
i ,
δκY˜
I = ǫijF Ii uj, (A.3)
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which is crucial for the kappa symmetry in the sense that ∆ can be factorized as an
overall factor.
The kappa variation of Bij is evaluated similarly to δκAi, up to a total derivative:
δκBij = −δκZM∂iZN∂jZP (dB)MNP = −∆αΠAi ΠBj (dB)αAB. (A.4)
Finally, we need to evaluate δκΠ
A
i :
δκΠ
A
i = δκ(∂iZ
MEM
A)
= ∂iδκZ
MEM
A + ∂iZ
MδκEM
A
= ∂i(δκZ
MEM
A)− δκZM∂iEMA + ∂iZMδκEMA
= ∂i∆
A +∆αΠBi (TαB
A − ΩαBA), (A.5)
where we have used ∆a ≡ 0 (as a notational convention), which is consistent with
δκZ
MEM
α = ∆α, δκZ
MEM
a = 0. (A.6)
As a result,
δκΠ
a
i = ∆
αΠBi (TαB
a − ΩαBa), (A.7)
which yields
δκGij = δκΠ
a
(iΠ
b
j)ηab
= ∆αΠB(iΠ
b
j)(TαB
a − ΩαBa)ηab
= ∆αTαB
aΠB(iΠ
b
j)ηab, (A.8)
Note here that the connection Ω has not contributed since ΩαBb + ΩαbB = 0.
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